CSC 240

PROOFS 1



DIRECT PROOFS - FORWARD BACKWARD METHOD

» Ask a key question.
» Answer the key question abstractly.

» Transform the answer into specifics that match the
problem.



DIRECT PROOFS - FORWARD BACKWARD METHOD

If nis an even integer, then n? is even. "W

A
A: nis an even integer B
Al: n = 2k What it means to be “even”
A2:n2 = (2k)2 Some algebra...
= (2k)(2k)
= 4k2
= 2(2k?2)
What does it mean
for a number to be B1:n2=2m What it means to be “even”

even?

B: n?is even



DIRECT PROOFS - WRITING THE PROOF WITH WORDS

A: nis an even integer Let n be an even integer.
Al:n= 2k Since n is even, there's some integer k such
A2:n2 = (2k)? that
= (2k)(2k) n = 2k. (1)
= 4k? From (1) we see that
_ 2(2k2) n2 = (2k)2 = 4k2 = 2(2k?2). (2)
B1:n2=2m From (2) we see that there is an integer m,

: — k2
B: n2 is even where m = 2k2 such that

n2 =2m. ®)

Therefore, n2 is even. =

The end of proof marker. /
Q.E.D. T

“quod erat demonstrandum”
(what was to be demonstrated)




DIRECT PROOFS - WRITING THE PROOF WITH LATEX

\subsection{Theorem}
If $n$ is an even integer, then $nr{2}$ is even.

\subsection{Proof}
Let $n$ be an even integer. Since $n$ is even, there's some integer $k$ such that

\begin{equation}
\label{evenl}

n = 2k.
\end{equation}

From \ref{evenl}, we see that

\begin{equation}
\label{even?Z}

nA{2} = (kKA {2} = 4kr{2} = 2(2kA{2}).
\end{equation}

From \ref{even’}, we see that there is an integer $m$ where $m = 2k$ such that

\begin{equation}

\label{even3}
nA{2} = 2Zm.

\end{equation}

Therefore, $nr{2}$ is even. $\blacksquare$



DIRECT PROOFS - FORWARD BACKWARD METHOD

If A, B, and C are sets,then Au(Bn C)=(Au B)n(Au(;\
A:lLetxe Au(Bn C) 5

A1: Then eitherxe Aorx e (Bn C) What “union” means

What “int tion”
A2: Then eitherx e Aor(x e Band x e C) o "™Mereson

e

Either...or = Proof by Cases

Choose either
statement to be
our starting point
and work towards

the other one B2: For every elementx e Au (B n C), Wlat it means ior se;s
to be subsets of eac
What does it A e (A = B) i (A J C) other.
? meanasettob®  B1:(Au(BnC))<((AuB)n(AuC)) and
another set? ( (A U B) N (A U C) ) - (A U (B N C) ) What it means for sets
? What does it to be equal.
mean for two BZAU(BOC)=(AU B)O(AUC)

sets to be equal?



DIRECT PROOFS - PROOF BY CASES / PROOF BY EXHAUSTION

A2: Then either x e A or (x € B and x € C)

Case 1: xe A
1.1: f x e A, then x € (A u B) What “union” means
1.2:lf x € A, thenx e (A u C) What “union” means
1.3:f xe (AuB)and x e (Au C), then What “intersection” means

xe(AuB)n(AuC)

Case2: xeBandxeC

2.1: If x e Bthen x (A U B) What “union” means
2.2: If x e Cthen x (A U C) What “union” means
2.3:lf xe (AuB)and x e (Au C), then What “intersection” means

xe(AuB)n(AuC)

B2a: In every case,xe (AuB)n(AuC)
B2: For every elementx e Au (B n C),

xe(AuB)n(AuC)



DIRECT PROOFS - PROOF BY CASES / PROOF BY EXHAUSTION

If A, B, and C are sets,then Au(Bn C)=(AuB)n(AuC).

Does A ¢ B necessarily mean B ¢ A?

A:Letxe Au(BnQC) C:letxe(AuB)n(AuC)

A1: Then eitherx e Aorx e (B n C)
A2: Then eitherx e Aor(x e Band x e C) 5

A3: Proof by Cases 1 and 2

B2: For every elementx e Au (B n C),
B2: For every elementx e Au (B n C),

xe(AuB)n(AuC) xe(AuB)n(AuCQC)

B1:(Au(BnC))c((AuB)n(AuC)) and
((AuB)n(AuC))c(Au(BnQC))

B:Au(BnC)=(AuB)n(AuC)



